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The random variable X has the Poisson distribution with parameter A, so that

—/llx
PX =x) = —>, x=0,1,2,....
x!
(i) Derive the probability generating function of X. [3]
(ii) Hence obtain the mean and variance of X. [5]

(iii) The random variable Y is independent of X and has the Poisson distribution with parameter u.
Find the distribution of X + Y. [6]

(iv) Use the distributions of X, Y and X + Y to find the conditional probability that X = x given
that X + Y = n, where n is a non-negative integer. Deduce that the conditional distribution of

(6]

X given that X + Y = n is binomial with parameters n and

A+ u
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3

(i) The moment generating function (mgf) of a random variable U is defined by M,(6) = E(e®Y).
Prove from this definition that, if V = aU + b, where a and b are constants, the mgf of V is
"M, (a6). (3]

(ii) The non-negative random variable X has probability density function f(x) = e™*, x = 0.

Show that the mgf of X is M(6) = (1 — 6)". Deduce that E(X) = 1 and Var (X) = 1.  [6]
(iii) The random variable Y is defined by
Y=X+X+ .. +X,

where X 0. , X are independent random variables each distributed as X. Write down the
mgf of Y. (1]

(iv) The random variable X is defined by

- 1 Y
X=—(X1+X2+...+X) ==,
n n n

. 1 = o™
Use the result of part (i), taking a = > and b = 0, to show that the mgf of X is (1— —] .
' ' n

Write down the mean and variance of X . o [3]

(v) The random variable Z is defined by

X-1
Z==;

n

this has mean 0 and variance 1 for any n, and is called the standardised mean of n independent
realisations of X. Again using the result of part (i), show that the mgf of Z is

9 —n
M, (6 =e‘9‘/7(1———) . 2
z(6) 7 (2]
s 8
(vi) Use the expansion In(1 —s) = — s — 3 — ? — ... to show that
02 & ot

InM.(@)=—+—F=+—+... .
nMz(O)=F+ 3=+

Given that the mgf of the standard Normal random variable is e®”2, what can you deduce
about the distribution of Z as n becomes large? (5]
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(i) The following data are a random sample of size 5 from a Normal distribution with unknown
variance o2.

126 84 144 102 146

Test the null hypothesis H,: o? = 2 against the alternative hypothesis H;: o2 > 2 at the 5%
significance level. [5]

(ii) The probability density function of the random variable Y having the Xi distribution is
f(y)=gve™?
(for y = 0). Show that
P(Y <y)=1-¢"P(1+1y)
(fory = 0). (3]
(iii) Hence show that the level of significance of the data in part (i) is 0.00577. [2]

(iv) Explain how the result in part (iii) is related to appropriate entries in the table of percentage
2
points of the X4 distribution. [2]

(v) For a test of Hy;: o? = 2 against H;: o? > 2, given a random sample of size 5 from a Normal
2
distribution with variance o2, show that the null hypothesis is accepted if ¥ < — x 9.488.
c
(3]

(vi) Hence find the value of the operating characteristic of the test for 6> = 3 and for a2 = 6.
Given also the values 0.685 and 0.245 of the operating characteristic for 6> = 4 and ¢? = 10
respectively, comment briefly on the test. [5]
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4 A market gardener is testing a new insect-repellent spray.

(a)

(b)

60 tomato seedlings, regarded as a random sample, are sprayed with the new spray. Another
100 tomato seedlings, also regarded as a random sample, are sprayed with the existing spray.
After five weeks, the numbers of the seedlings that have still not been attacked by insects are
54 and 76 respectively. Provide a two-sided 90% confidence interval for the difference in the
proportions of seedlings not attacked by insects after five weeks in the corresponding
underlying populations. Explain what you conclude from this interval. (8]

The gardener is concerned that the new spray, even if effective in reducing attacks by insects,
might as a side-effect decrease the average yield of the crop or increase the variability in
yields. To examine this, tomatoes in 10 experimental plots are sprayed with the new spray and
those in 8 other experimental plots (of the same size) are sprayed with the existing spray.
Each set of experimental plots is regarded as a random sample. All other conditions on the
experimental plots are carefully controlled. The yields, in kg, from the experimental plots are
found to be as follows.

New spray 268 28.1 30.8 29.1 32,6 302 258 306 295 280
Existing spray 31.2 329 29.6 282 299 303 306 296

Test at the 5% level of significance whether the underlying variances may be assumed equal.
State the distributional result on which the test is based.

State the assumptions necessary for the test to be valid. Assuming they are satisfied, and in

the light of the result of your test for the variances, explain briefly whether you would be
prepared to proceed to a ¢ test for comparing the population means. [12]
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GENERAL INSTRUCTIONS

Marks in the mark scheme are explicitly designated as M, A, B, E or G.

M marks ("method™) are for an attempt to use a correct method (not merely for stating the
method).

A marks ("accuracy") are for accurate answers and can only be earned if corresponding
M mark(s) have been earned. Candidates are expected to give answers to a sensible level
of accuracy in the context of the problem in hand. The level of accuracy quoted in the
mark scheme will sometimes deliberately be greater than is required, when this facilitates
marking.

B marks are independent of all others. They are usually awarded for a single correct
answer. Typically they are available for correct quotation of points such as 1.96 from
tables.

E marks ("explanation™) are for explanation and/or interpretation. These will frequently
be sub divisible depending on the thoroughness of the candidate's answer.

G marks (""graph™) are for completing a graph or diagram correctly.
e Insert part marks in right-hand margin in line with the mark scheme. For fully
correct parts tick the answer. For partially complete parts indicate clearly in the

body of the script where the marks have been gained or lost, in line with the mark
scheme.

e Please indicate incorrect working by ringing or underlining as appropriate.

e Insert total in right-hand margin, ringed, at end of question, in line with the mark
scheme.

e Numerical answers which are not exact should be given to at least the accuracy
shown. Approximate answers to a greater accuracy may be condoned.

e Probabilities should be given as fractions, decimals or percentages.

e FOLLOW-THROUGH MARKING SHOULD NORMALLY BE USED
WHEREVER POSSIBLE. There will, however, be an occasional designation of
'c.a.0." for ""correct answer only".

e Full credit MUST be given when correct alternative methods of solution are used.
If errors occur in such methods, the marks awarded should correspond as nearly

as possible to equivalent work using the method in the mark scheme.

e The following notation should be used where applicable:
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Question 1
(i)

X ~ Poisson (1)

Pgf of X is

Gy () =E[t* |

) -1
x € 2
= >t : M1
o x!
i (A s

=€ XZ;‘ Xl =€ M1, Al
(ii)

u=G(1)=e*(2e"), =1 AL

o’ =G"()+ul-u) =Je " Je t:1+/1—/12 M1

=X +A-21=2 Al
(iii)

Y (~ Poisson (1)) has pgf e e M1

~X+Yh f (e*e™) (e “eH M1 product

+Y has pgf (e7e™").(e™“e”) of pofs
— e'(ﬂ"',u)e(l"'/u)t Al

which is pgf of Poisson (4 + x) M1

and as pgfs are unique El

it follows that X + Y ~ Poisson (A+ 1) 1

[or, much longer, by convolution of probabilities]
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(iv)
P(X = X +Y =
P(X = x| X +Y =n)= X P(XXZY:;) n) ML
=P(X=me:n-x) M1
P(X +Y =n)
oe. 1l
e et n! [for
x! (n—x)! e‘(“”)(/1+,u)” x=0,1,...,n]
.................. 1 for
algebraic
L A el U L
A+ 1) A+pu A+u 1 for ()”()
........ )
i.e. B(n, A )
A+ u
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Question 2
(M) oy
M, (6) =E(e™)
_ 6(auU +b)
=E(e ) ) ) M1
— ebeE(e(aﬁ)U) M . (9) — jo eexe-xdx — J‘O e-x(l—&)dX
=e"’M, (ad) 1
1
(i)
_ *® OX X _ @ -x(1-0) M1
Mx(e)_jo e%e clx_j0 e dx
g ~*-0) T 1 Al beware
= =0+—=(1-6)" printed
{_ 1-9) 0 1-6 answer
(OK for #< 1: candidates are not
exnected to discuss this)
, B M1 Note —
E(X) =M X (0) = '1(1' 6’) ? (_1)‘ 0=0 =1 Answer is
given
E(X?)=M,"(0) =-2(1-0)*(-1) ,, =2 M1, AL
1 Answer
~Var(X)=2-1=1 given
[or by series expansion]
(iii)
M, (0) =M, (0)}" =(1-6)" -
(iv) 1 g -n 1 Answer
My (0) ="M, (Z6) = (L) given
n n
Mee?n 1 1 1
Variance — 1
n
) B
Z=+nX-+n M1
Jn n N 1A
-"Mz(e):efg My( Jno ):efg(l_\/ﬁ ) gir\]/s(;v:er
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(vi 0
) InM, (8) =—/nd—n1n (1—7]
n
2 3 4
=_\/ﬁe+n i+e_+e_3+0_2+... M1
Jno2n gp% 0 4n
6> 6 y 0" 1 Answer
:74'?” +—N "+--- given
_ 92 0 Which is mgf of
As N0, this —>=-,50 M (6)—e % N(0.1) !
and, as mgfs are unique El
this implies Z tends to N(0,1) 1
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Question 3
(i)
S,, =7.268 [52 = 5.8144, allow only if correctly used|]
n-1)S?
Test statistic is ( - )2 [n =5,0," = 2]=14-536 M1, Al
, 1 NoFTIif
Compare withZ Wro
ng
Upper 5% point is 9.488
1 NoFTIif
Significant/reject Ho Wro
ng
1
(i)
P(Y <y)= L et
o 4
M1 for
B B attempt to
:i{[—Zte %} Z +2_[ye %dt} integrate
4 0 by parts
_1 % AN
_Z{_ 2ye " +(-4) [e } .
21
1 divisible,
—_Zyef_elkil =l-gl (1+X) for algebra
2 2 BEWARE
PRINTED
ANSWER
(iii)
—7.268 Ml’ Al
Want P(Y >14.536) =1 {L—e7%® (8.268) | = 0.0057 (669) BEWARE
PRINTED
ANSWER
(iv)

E2
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14.536 is between upper 0.01 point (13.28) and upper 0.005 (EO,E1,E2)
point (14.86)
V) n-1s? [ 4s?
Ho is accepted if ( 0_2 [i.e. > ie. 252} is < 9.488 M1
(n-1S*|. 4s8* | 1
Butwe now have ~— 2 | 2 Xs
0_2
So 282~7;(j,ieacceptH0
2
if % 72 <9.488 ieif
El
1< %x9.488
(e
3
(vi) ~

o?=3: WantP(y? <§><9.488=6.3253)
=1-e731% (4.1626)

= 0.823(866)

o?=6: Want P(y2< %x 9.488 = 3.1626)

=1-e%8 (2,5813)

=0.469(018)
. =4 :0.685
Also given 02
o =10 : 0.245

M1

Al Al
-/
E2

(E0,EL,E2)
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These are quite high probabilities of accepting Ho when it is
false [or other sensible comments]
Question 4
(@) | We have 54 out of 60 and 76 out of 100 M1 for
54 76
90% ClI for py — pz is 60 100
0 e 54 6 76 24 B1 for
(2.20) (2.2 1.645
5476i1.645\/ 60 60 n 100 100 M1 Two
60 100 60 100 Terms
M1 Both
Correct
=0.14 +1.645 ,/0.0015 + 0.001824(= 0.003324) Al
=0.14 +1.645x 0.0576 (54)
=0.14+0.094 (84)
Al CAO
=(0.045 (16), 0.234(84))
E2
(EO,E1,E2)

The lower end of this interval is >0, which suggests that the
new spray is better.

(b)

s2 =4.125 (3.7125 with divisor n)
s7 =1.887 (1.651 with divisor n)

4.125
isticis ——=2.186
Test statistic is 1887

Bl

1 [FT from
candidates’
values]

Refer to
Fo7
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1 for F
1 for df
No FT if
wrong
Fy7 is not in tables. Upper 2 ¥2 % point of Fg7 is 4.90, of F1o7 | E2 [Only 1
is 4.76. Accept any convincing explanation that result is not if based on
significant. 5% points :
3.73 and
3.64]
1
1,1
Accept
Seems underlying variances can be assumed equal {LHS N i}
S;
(%)
ol 1
522 n-1,n,-1 E2
( - ) (E0,E1,E2)

Require Normality of both populations

This is also required for t test. t test needs same population
variances — we have no evidence against this. So t test seems
OK.

12
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2617 - Statistics 5
General Comments

There were only 13 candidates, from 7 centres — including some unfamiliar ones, which it
was hice to see among such a small entry for the last regular sitting of this module.

In view of the small number of candidates, this report is couched in very general terms so
as to avoid any possibility that individuals are identifiable.

Comments on Individual Questions

1) This was on probability generating functions, based on the Poisson distribution and the
sum of Poisson distributions. Candidates were able to do the technical work in the first
three parts of the question, as far as and including using the pgf to find the distribution
of the sum. However, in the last part there was considerable insecurity in use of
conditional probability, so that several candidates were left with a struggle to try to
manipulate incorrect expressions so as to achieve the given result.

2) This question was based on moment generating functions, leading to a proof of the
central limit theorem for the case of an exponential distribution. Most candidates met
with considerable success here, perhaps helped by the substantial number of
intermediate steps given in the question.

3) This question was based on the chi-squared test for variance. The initial test was
usually done correctly. Most candidates could then integrate the given pdf of the chi-
squared distribution with 4 degrees of freedom so as to obtain the cdf, and most
candidates then knew how to use this to obtain the level of significance of the data.
Not all, however, grasped the point about the relation of this to entries in the chi-
squared table. The next part of the question was concerned with setting up the
acceptance region for the test in a general way. Most candidates seemed to know
what to try to do, but there were some difficulties in doing it. However, the given result
was used well in the final part in deriving values of the operating characteristic of the
test, usually with sensible interpretations of the rather poor nature of the test in this
(very small sample) case.

4) This was a composite question covering a confidence interval for a difference between
two proportions and a test for the equality of two variances. Mostly it was done quite
well. The F distribution with 9 and 7 degrees of freedom is not tabulated in the MEI
tables; candidates were expected to overcome this and did so in a variety of ways. A
fairly common error was to work with upper-tail 5% points whereas, as the test is two-
sided, upper-tail 2%2% points should have been used.
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